By using a q-calculus, the Walecka many-body field theory was studied in the context of the Tsallis framework. The most important aspect of the application of the q-calculus to the nonadditive formulation of QHD-I is that it naturally emerges as a thermodynamically consistent theory.
temperature [4, 5] or by introducing the thermal field dynamics in hot nuclear matter [6] .
However, we are investigating the nonadditive effects on the QHD-I, as originally developed in [1] [2] [3] . QHD-I has been used in the calculations of nuclear matter and finite nuclei (See [7] and references therein), as well as in the astrophysics context to describe the properties of nuclear matter in compact stars [8] [9] [10] [11] [12] [13] [14] . In this regard, some improvements and extensions of the model have been made to make it more suitable for neutron and proto-neutron stars calculations [8] [9] [10] [11] [12] [13] [14] .
On the other hand, the nonadditive statistics has received considerable attention, both from theoretical and observational viewpoints [15] . From the high energy point of view, the very first application was addressed to the solar neutrino problem by the use of the Tsallis framework to derive a distribution function for the interior plasma [16, 17] . Recently, by using the nonadditive statistics, the distribution of transverse momenta in high-energy collisions of proton-proton, and heavy nuclei (e.g., Pb-Pb and Au-Au) have been object of a lot of investigations [18] [19] [20] [21] [22] [23] . Actually, the q-distribution has been tested in high energy physics, and results have presented very high quality fits of the transverse momentum distributions made by the STAR [24] and PHENIX [25] collaborations at RHIC and by the ALICE [26] and CMS [27] collaborations at LHC. More recently, an interesting discussion about the Renyi and Tsallis formulas has been investigated through a mathematical formulation in the context of ideal gas [28] . Specifically, Tsallis and Renyi entropies are related as S T sallis = KS Renyi = i p i K(−lnp i ), with K(S) = 1 a (e aS − 1) and a = 1/C 0 . C 0 is the positive heat capacity and a is a real parameter. This approach has been successfully discussed in the context of black hole thermodynamics and quark-gluon plasma [29, 30] .
The connection between the Tsallis statistics and the relativistic nuclear equation of state (EoS) has also been discussed in the context of high energy physics (see, e.g., [31] ).
In particular, the EoS plays an important role in the determination of the structure and evolution of the proto-neutron stars [32] . In this regard, the calculation of EoS was performed in the context of Tsallis framework and the main physical properties of proto-neutron stars as well as their astrophysical implications have been discussed in [33] .
In the attempt to implement the Tsallis statistics on QHD-I, we have proposed a nonadditive EoS through a straightforward generalization of Fermi-Dirac distribution [34, 35] .
This issue has been claimed, in a recent connection between the nonadditive framework and high energy physics, with respect to the so-called thermodynamical consistency [36] [37] [38] . In this concern, by considering the first and second laws of thermodynamics, the authors have shown that such consistency is possible in the context of Tsallis framework [36] [37] [38] .
Until recently, the attempts to derive a nonadditive EoS for QHD-I, from first principles of Quantum Statistical Mechanics (QSM), have appeared as an unthinkable task to be achieved. Fortunately, the developments on the so-called q-calculus has opened an important possibility to overcome this difficulty showing that it is a powerful method that has been frequently used to investigate many problems, e.g. connections with Quantum Statistical
Mechanics [39, 40] .
In this paper, we present a new approach for the thermodynamical consistency of QHD-I.
By following the q-calculus [41, 42] , we show that the new scheme provides a calculation for the Walecka nuclear EoS based on first principles of the QSM. As a matter of fact, instead of earlier calculations, we have found that thermodynamical quantities describing the EoS, i.e., pressure, energy density and number density depend explicitly on the nonadditive parameter q. The important result of the present work is that the thermodynamical consistency naturally has emerged from first principles without any additional assumption. Moreover, from the mathematical point of view, both the pressure and energy density expressions are equivalent to the ones that have been introduced through other approaches [43] [44] [45] [46] [47] [48] . However, it must also be emphasized that, before the development of the q-calculus, prescriptions about the way as the non-additive distribution functions n k (T, ν) andn k (T, ν) enter equations of pressure, energy density, number density and so on, have been considered a posteriori by the use of thermodynamical arguments to achieve the claimed consistency [36] [37] [38] . Finally, we show that the q-calculus also provides a prescription for the scalar density expression in terms of the powers of the non-additive distribution functions, n
The aim of the present work is twofold. First, our purpose is to use the q-calculus to solve, from first principles, the commented thermodynamical inconsistency in [34, 35] . Second, the simplification adopted here by the use of QHD-I 1 allows us to show, in a more consistent way, that the q-calculus is general to be used in any quantum system. This paper is organized as follows. In Section II, we present the basic formalism of the 1 For a more complete theoretical treatment (for zero temperature), see [49] . A discussion on the thermal field dynamics in hot nuclear matter was presented [50] .
QHD-I theory as well as its connection with Tsallis framework through the q-calculus. The main results are discussed in Section III. Finally, we summarize our main conclusions in Section IV.
II. WALECKA EQUATION OF STATE IN THE Q-CALCULUS

A. QHD-I: Basic Equations
We now recall the main aspects of QHD-I. The Lagrangian is given by (for details, see
where ω µν is the field tensor
The Euler-Lagrange equations for the fields and nucleons are given by
with the scalar sourceψψ and the (conserved) baryon current B ν =ψγ ν ψ. In the case of a system with uniform baryon and scalar densities, the meson fields are replaced by the classical fields giving rise to the mean-field equations
with the scalar density n S = ψ ψ and baryon (vector) density n B = ψ † ψ ; m σ and m ω are the corresponding masses of the scalar and vector meson fields. The third term in Eq. (9) corresponds to the effective mass defined by
The QHD-I Hamiltonian and baryon number operator are given by [1, 3] 
where V stands for the volume of the system and E * (k) = k 2 + M * 2 . In order to calculate the scalar density n S in the context of the q-calculus, we need here an expression for the corresponding operator as done above for B. To this end, by following the steps from Eq. (3.28) to Eqs. (3.41) -(3.44) in [3] , we obtain the expression for a scalar density operator, which we call D S , given by
where the last line follows from Eq. (11). From Eqs. (11) and (12) it follows that
In order to shorten the notation, we write
(which plays the role of an effective chemical potential as can be seen bellow in Eq. (36)) of the present paper, and (14) is reduced to
with the correspondence N kλ ( N kλ ) → a +, kλ (a −, kλ ) → baryon(antibaryon). The partition function (for details, see [51] , Chapter 2, pages 36-38), in the Boltzmann-Gibbs statistical mechanics, is given by
where n i (n i ) are the baryon(antibaryon) occupation numbers in the state i ≡ kλ , and
ini is a c-number, which is a classical number (to distinguish it from a quantum observable which is an operator). Now, our goal is to derive the pressure, energy density, and vector and scalar densities within the nonadditive QSM. To this end, by using the q-calculus, we first obtain the nonadditive generalization of Eq. (16).
B. QHD-I and nonadditive framework
In order to introduce the nonadditive effects under the QHD-I, let us consider this new possibility by investigating the issue from first principles. As well known, the temporal evolution of quantum system is given by [51] i ∂Ψ(r, t) ∂t =ĤΨ(r, t).
The evolution operator is unitary and transform a state at instant t 0 in another one at t,
i.e. Ψ(r, t) = U(t, t 0 )Ψ(r, t 0 ), with U(t 0 , t 0 ) =1. By using this evolution operator, we can rewrite the expression (17) as
and the solution is given by
Now, we introduce nonadditive effects, by using an evolution operator in the context of Tsallis framework. These effects have considered statistical correlations and non-linearity in the temporal evolution of the system. In this regard, a generalization of expression (19) has been proposed in [52] to be of the form
where exp q is the generalized exponential function. We here adopt the prescription given in [53] by
which better describes the nonadditive quantum systems (fermions and bosons). By expanding U q (t, t 0 ), we obtain
with U q (t 0 , t 0 ) =1. We may describe Eq. (20) in terms of the eigenstates ofĤ with t 0 = 0
Introducing the substitution t = −i β (Wick rotation) [54] in the above expression, we obtain
By recognizing β as inverse of k B T , where k B is the Boltzmann constant and T is the absolute temperature of the system, we have Z q (β) as the generalized partition function of the quantum system. Now, let us define the generalized density operator related to canonical ensemble given byρ
Similarly, for the grand canonical ensemble, by taking the correspondenceĤ →Ĥ − µB,
we have the respective density operator
where
is the generalized grand canonical partition function. Let us mention that, until this point, the framework is completely general since one can introduce any physical system through of its Hamiltonian.
At this point, by following the same steps to obtain the Boltzmann-Gibbs partition function in Eq. (16), we use q-calculus [41, 42] . So, from Eqs. (15) and (26), we obtain the generalized QHD-I grand canonical partition function
Using orthogonality relations and properties of q-product [41, 42] 
we can rewrite (27) as 
or, by considering the original notation, we finally get the desired generalization of the partition function for the QHD-I theory,
By taking the q-log of Ξ q and introducing the continuous limit, we have
Here, γ N is the multiplicity factor (γ N = 2 for pure neutron matter and γ N = 4 for nuclear matter). By using the known thermodynamical relations [55] , after some algebra, the pressure, energy density and baryon number density are given, respectively, by
are the nonadditive distributions for baryons and anti-baryons. Note that, in the q → 1 limit, the standard Fermi-Dirac distributions n F D (T, ν) andn F D (T, ν) are recovered. Additionally, as physically expected, when T → 0 we obtain n k (T, ν) → n F D (T, ν) and
. This amounts to saying that for studies of nuclear matter at zero temperature or neutron stars interiors (where, in nuclear scale, T ≃ 0) we do not expect any nonadditive signature. On the other hand, in heavy ions collision experiments or in the interiors of protoneutron stars, with typical stellar temperatures of several tens of MeV (1 MeV= 1.1065 × 10 10 K), nonadditive effects can be important.
To calculate the scalar density given by n S = D S , we assume that the nonadditive expectation value of the scalar density operator can be given by
and, from Eq. (13), after some algebra, we obtain
Notice that here n S is given in terms of n q k (T, ν) andn q k (T, ν). We here emphasize that this expression of n S has also emerged as a consequence of the q-calculus.
Finally, from (7), (10) and (38), we obtain the equation
from which the effective mass M * is determined self-consistently.
Additionally, we also use for the coupling constants the values given in reference [1] [2] [3] 
which are fixed to give (at T = 0) the bind energy E bind = −15.75 MeV and k F = 1.42 fm −1 .
Other important nuclear quantities such as, for example, the symmetry energy coefficient and compressibility, at saturation density, are calculated at zero temperature (for a review, see [56] ). As commented above, at T = 0 the effects of nonadditivity do not appear in these quantities. In particular, the problem of the high value of the compressibility predicted by QHD-I, with respect to the empirical one (as shown in Table II of Ref. [3] ), is due to the limitations of the theory. Consequently, in the present work, the predictions of QHD-I at T = 0 remain the same as in its original form, independently of the value of the q parameter.
III. RESULTS
As done in [34, 35] , in the present paper, we have calculated the important quantities that govern the behaviors of pure neutron matter (γ = 2) and nuclear matter (γ = 4) for several values of T and q. Generally speaking, the results are qualitatively similar to those in [34, 35] , except for some cases which we comment here. More specifically, with respect to the cited previous works, the main aspect of the calculation by using the powers of the non-additive distribution functions, n
, is that the numerical results (the curves) for the scalar and vector meson fields, pressure, energy density, and so on, become closer to the corresponding ones for q = 1. As an example, we show in Fig. 1 , for pure neutron matter, the effective nucleon mass (in panel (a)) and the vector meson field (in panel (b)) as functions of T , at the given values of ν and q. It is evident the similarity of the present results with respect to the ones in Refs. [34, 35] . So, we here do not show all the corresponding figures, except for a few cases which present some differences with respect to the ones in [34, 35] .
A. The phase structure at non-zero baryon density
Of particular interest is the behavior of the EoS of the nuclear matter (γ = 4) around the critical point, where the liquid-gas phase transition changes from first to second order. This phase transition is of the Van der Waals type. As is well known, at temperatures lower than the critical temperature T c , the isothermals of the P × ǫ plot present three characteristics regions (for more detailed descriptions, see [55] and [57] ). The first one, at low energy densities, corresponds to a gas phase of (evaporated) nucleons. The second one, at intermediate energy densities, is a mixed phase made of coexisting nucleon gas and nucleon liquid (formed by clumps or droplets of nucleons). Finally, the third region, at high energy densities, corresponds to the pure nucleon liquid. In the mixed phase, the P × ǫ plot oscillates between a maximum and a minimum (with a pronounced dip, in some cases), being usually treated via Maxwell construction. At T < T c , the liquid-gas phase transitions are of first order. As T increases, the intermediate region of the mixed phase shrinks, vanishing at T = T c . In this case, the P × ǫ plot has a turning point in which the system passes (along the isotherm) from the gas phase to the liquid phase, characterizing a second order phase transition. For T > T c , the system is in the gas phase [57] . In nonadditive statistical mechanics, these features are dependent not only on the values of the coupling constants of the QHD-I theory, but also on the value of the q parameter. Moreover, the EoS becomes stiffer for increasing values of q. By considering the same arguments of [58] and [35] , we have explored the nonadditive phase structure of QHD-I at vanishing baryon density, for the value of the coupling constant [58] . At n B = ν = 0, the terms with the baryon density do not appear in Eqs. (33) and (34).
In Fig. 3 , the panel (a) shows for q = 1 a sudden drop in M * . In reality, the detailed curve, in panel (b), shows that around T ∼ 185 MeV the self consistent solution of Eq. (39) is triple valued. The pressure and energy density are also triple valued, with abrupt rises at the same temperature, characterizing the first order phase transition. As a consequence of the sudden drop making the effective mass very small at high temperatures (T > ∼ 185 MeV), the system decouples to a nearly free-massless nucleon gas. Here, this depends on the values of C 2 s and q. As pointed out in [58] , this is analogous to the expected chiral phase transition in high-temperature QCD. However, in Walecka theory, there is no liberation of the internal constituents of the nucleons. Thus, the phase transition in QHD theory can not be interpreted as a baryon-quark matter one.
On the other hand, interesting features are obtained for the specific heat. Differently from the treatment discussed in Ref. [58] , the mathematical structure of the self-consistency equation in our approach is not simple, so that the calculation must also be done numerically.
We observe that the specific heat calculated from Eq. (34) is linear in dM * /dT . By writing
we can see from Eq. (39) that
, where
The singularities of dM * /dT lie on the curve determined by the vanishing of the denominator. We observe that, when there is a sudden fall in M * , a peak arises in the specific heat around T ∼ 185 MeV, as shown in panel (a) of Fig. 4 . Panel (b) shows the complicated structure of the specific heat (with a negative part) characterizing a first order phase transition. For q = 1.02, C H is single valued and presents a smooth behavior with a peak around T ∼ 180 MeV (instead of, say, T ∼ 175 MeV in [35] ). We also observe that, at zero baryon density, Eq. (35) gives an equal number of nucleons and anti-nucleons, so its ratio is N/N = 1 at nonzero temperatures, independently of the values of the q parameter.
IV. FINAL REMARKS
The thermodynamics consistency from the nonadditive framework in high energy physics is fundamental in the construction of a coherent approach. In this paper, we have explored the mean field theory of Walecka (QHD) [1] [2] [3] 7] in the context of the non-additive framework without additional requirements. The treatment discussed here differs of the previous results investigated in [34, 35] , i.e., a simple substitution of Fermi-Dirac distribution by a nonadditive quantum distribution was considered to calculate the Walecka nuclear EoS.
By considering the so-called q-calculus [41, 42] , we have introduced a generalized thermodynamical formulation based only on the first principles of quantum statistical mechanics.
The thermodynamics variables describing the nuclear matter, i.e, pressure, energy density, number density and scalar density depend on the nonadditive parameter being given by expressions (33)- (35), (38) and (39) .
We have investigated the phase structure of nuclear matter at high temperature, by considering both zero and non-zero baryon density, as well as a pure neutron matter (γ = 2) and a nuclear matter (γ = 4). As discussed earlier, differently of previous results based on the inconsistent thermodynamical description [34, 35] , we have shown that the nonlinearity from expressions (33)- (35) has not eliminated the Maxwell constructions (except for a very restricted range of temperature). By following similar arguments of [35, 58] , we have calculated numerically the specific heat, being that the order of phase transitions also depends of nonadditive parameter q.
The most important aspect of the present work rests on the q-calculus with which we have shown that, from first principles, a thermodynamically consistent calculation of the QHD-I equation of state is possible. In spite of limitations presented by QHD-I, we have used it as an example to show the effects of nonadditivity on the nuclear EoS. We here have also shown, for the first time, the importance of the q-calculus, due to its generality for application in quantum systems. Mathematically speaking, the present use of q-calculus serve to show that its generalization to extended forms of QHD-I is straightforward.
Although we have applied the q-calculus on the QHD-I theory, the formalism is in principle general for any physical system described by a partition function like that in Eq. (26) . 
